Let L = ∆ − ∇φ · ∇ be a symmetric diffusion operator with an invariant measure µ(dx) = e −φ(x) m(dx) on a complete non-compact smooth Riemannian manifold (M, g) with its volume element m = vol g , and φ ∈ C 2 (M ) a potential function. In this paper, we prove a Laplacian comparison theorem on weighted complete Riemannian manifolds with CD(K, m)-condition for m ≤ 1 and a continuous function K. As consequences, we give the optimal conditions on m-Bakry-Émery Ricci tensor for m ≤ 1 such that the (weighted) Myers' theorem, Bishop-Gromov volume comparison theorem, Ambrose-Myers' theorem, and the Cheeger-Gromoll type splitting theorem, stochastic completeness and Feller property of L-diffusion processes hold on weighted complete Riemannian manifolds. Some of these results were well-studied for m-Bakry-Émery Ricci curvature for m ≥ n ([32, 36, 44, 56]) or m = 1 ([58, 59]). When m < 1, our results are new in the literature.
T. Varopoulos [54, 55] , Karp and P. Li [26] , Li and Yau [30] , Schoen and Yau [46] and the references therein.
On the other hand, by Itô's theory of stochastic differential equations, the transition probability density of Brownian motion on Riemannian manifolds is the fundamental solution (i.e., the heat kernel) to the heat equation ∂ t u = ∆u. Due to this important connection between probability theory and geometric analysis, the Laplacian comparison theorem has also significant applications in the study of probabilistic aspects of diffusion processes on complete Riemannian manifolds. In particular, the conservativeness (equivalently, the stochastic completeness) and the Feller property of the Brownian motion on manifolds.
A diffusion process is said to be conservative or stochastically complete if the associated stochastic process stays at the state space forever. This property is equivalent to the strong Liouville property for the solution of (L − λ)u = 0 for sufficiently large λ > 0. Here L is the generator associated to the diffusion process. More precisely, this means that there exists λ 0 > 0 such that for all λ ≥ λ 0 , every non-negative bounded solution of (L−λ)u = 0 must be identically zero. There are many results on the conservation property for diffusion processes (see, e.g., [13, 19, 20, 24, 25, 41, 42, 47, 53] and references therein). In these papers, the conservation property is characterized in terms of the volume growth of the underlying measure and the growth of the coefficient. The conservativeness of Brownian motions on complete Riemannian manifolds has been also studied by many authors. First, Yau [61] proved that every complete Riemannian manifold with Ricci curvature bounded from below is stochastically complete. Karp and Li [26] proved that if the volume of the geodesic balls B R (x) of a complete Riemannian manifold M satisfies V R (x) ≤ e Cr 2 for some (and hence all) x ∈ M and all r > 0 then M is stochastically complete. Li [29] proved that if Ric(x) ≥ −C(1 + r p (x) 2 ) for all x ∈ M then M is stochastically complete. Li's result can be also considered as a special case of a conservativeness criterion due to Varopoulos [54] and Hsu [22, 23] , where they proved that if there exists a non-negative increasing function K(r) on [0, +∞[ such that
Ric(x) ≥ −K(r p (x)) (1.1) and ∞ r 0 dr K(r) = +∞ for some r 0 > 0, (1.2) then M is stochastically complete. So far it is known that the optimal geometric condition for the stochastic completeness of a complete Riemannian manifold is due to Grigor'yan [20] and in which it was proved that if the volume of geodesic balls of a complete Riemannian manifold M satisfies for some (and hence all) p ∈ M, then M is stochastically complete. Here m is the volume measure of (M, g). In relation to the Grigoryan's criterion (1. 3) for the stochastic completeness, Hsu-Qin [24] gave a characterization of upper rate function of the process in terms of a more relaxed criterion than (1.3). The first example of complete but not stochastic complete Riemannian manifold was constructed by Azencott [4] . Lyons [31] showed that the stochastic completeness is not stable under general quasiisometric changes of Riemannian metrics. A diffusion process on M is said to have Feller property if its semigroup P t satisfies P t (C ∞ (M)) ⊂ C ∞ (M) and lim t→0 P t f (x) = f (x) for f ∈ C ∞ (M). By Azencott [4] , the semigroup P t = e tL of the diffusion has the Feller property if and only if the following Liouville theorem holds for solutions of (L − λ)u = 0 in the exterior region: for any compact set K ⊂ M and any λ > 0, the minimal positive solution of (L − λ)u = 0 on M \ K with Dirichlet boundary condition u ≡ 1 on ∂K must tend to zero at infinity. If X = (Ω, X t , P x ) denotes the diffusion on M starting from x ∈ M, then X has the Feller property if and only if for each t > 0 and for all compact set K ⊂ M,
where σ K := inf{t > 0 | X t ∈ K} is the first hitting time to K of X. In [62] , Yau proved that every complete Riemannian manifold with Ricci curvature bounded from below by a negative constant has the Feller property. We refer the reader to Dodziuk [14] for an alternative proof of this result for which one need only to use the maximum principle. By developing Azencott's idea, Hsu [22, 23] proved that if M is complete Riemannian manifold on which there exists a positive increasing continuous function K on [0, +∞[ satisfying (1.1) and (1.2), then the Brownian motion on M has the Feller property.
In [44] , Z. Qian extended the standard Laplacian comparison theorem for the usual Laplace-Beltrami operator to weighted Laplacian (called also Witten Laplacian) on complete Riemannian manifolds with weighted volume measure and proved an extension of Myer's theorem on weighted Riemannian manifolds. In [10] , Bakry and Qian gave a proof of the weighted Laplacian comparison theorem without using the Jacobi field theory. In [32] , one of the authors of this paper gave a natural proof of Bakry-Qian's weighted Laplacian comparison theorem on weighted complete Riemannian manifolds, which is more familiar to readers in geometric analysis, and extended several important results in geometric and stochastic analysis to weighted Riemannian manifolds, including Yau's strong Liouville theorem, the L 1 -Liouville theorem, the L 1 -uniqueness of the solution of the heat equation, the conservativeness and the Feller property for symmetric diffusion processes under the optimal geometry condition on the so-called m-dimensional Bakry-Émery Ricci curvature, denoted by Ric m,n (L), associated with the diffusion operator L = ∆ − ∇φ · ∇ on an n-dimensional complete Riemannian manifold (M, g) with a weighted volume measure dµ = e −φ dm, where φ ∈ C 2 (M), m ≥ n, and
In [32] , the Li-Yau Harnack inequality has been also proved for positive solutions to the heat equation associated with the weighted Laplacian on weighted complete Riemannian manifolds with the m-dimensional Bakry-Émery Ricci curvature lower bound condition for m ≥ n. In [33] , one of the authors of this paper proved the W -entropy formula for the heat equation associated with the Witten Laplacian on weighted complete Riemannian manifolds with Ric m,n (L) ≥ K for m ≤ 1 and K ∈ R or K being a suitable function on M. In this paper, we prove such a new Laplacian comparison theorem for m < 1 and for K being a function depending on a distance function on M. As consequences, we give the optimal conditions on the m-Bakry-Émery Ricci tensor for m ≤ 1 so that the Bishop-Gromov volume comparison theorem, Ambrose-Myers' theorem, Myers' theorem, and the Cheeger-Gromoll type splitting theorem hold on weighted complete Riemannian manifolds. Moreover, we use the new Laplacian comparison theorem to establish the stochastic completeness and the Feller property for the L-diffusion processes on complete Riemannian manifolds with the optimal geometric condition on Ric m,n (L) ≥ K for m ≤ 1 and K ∈ R or K being a suitable function on M. As far as we know, when m < 1, our results are new in the literature.
Finally, to end this Introduction, we would like to point out that, once the new Laplacian comparison theorem is established, it will be possible to develop further study of geometric analysis on weighted complete Riemannian manifolds with the CD(K, m)-condition for m ≤ 1 and K ∈ R. In a joint project with Songzi Li, we will study the gradient estimates and Liouville theorems for L-harmonic functions and the Li-Yau Harnack inequality for positive solutions to the heat equation ∂ t u = Lu on weighted complete Riemannian manifolds the CD(K, m)-condition for m ≤ 1 or m ≤ 0 and K ∈ R.
Main result
Let (M, g) be an n-dimensional smooth complete Riemannian manifold, and φ ∈ C 2 (M) a potential function. Throughout this paper, we assume that the manifold M has no boundary. We consider a diffusion operator L := ∆ − ∇φ · ∇, which is symmetric with respect to the invariant measure µ(dx) = e −φ(x) m(dx), where m := vol g is the volume element of (M, g). In [33, 35] , L is called the Witten Laplacian on (M, g, φ).
For any constant m ∈] − ∞, +∞], we introduce the symmetric 2-tensor
and call it the m-Bakry-Émery Ricci curvature of the diffusion operator L. For any m ∈] − ∞, +∞] and a continuos function K : M → R, we call (M, g, φ) or L satisfies the
When m = n, we always assume that φ is a constant so that Ric n,n (L) = Ric. When m ≥ n, m is regarded as an upper bound of the dimension of the diffusion operator L. Throughout this paper, we focus on the case m ≤ 1 and assume n > 1 if m = 1 and φ is not a constant (i.e., φ is a constant and L = ∆ if m = n = 1).
For two points p, q ∈ M, the "re-parametrized distance" between p and q is defined to be
n−m dt γ : unit speed geodesic, γ(0) = p, γ(r p (q)) = q .
(2.1)
If (M, g) is complete, then s(p, q) is finite and well-defined from the basic properties of Riemannian geodesics. Let s p (·) := s(p, ·). If q is not a cut point of p, then there is a unique minimal geodesic from p to q and s p is smooth in a neighborhood of q as can be computed by pulling the function back by the exponential map at p. Note that s(p, q) ≥ 0, it is zero if and only if p = q, and s(p, q) = s(q, p) holds. However, s(p, q) does not define a distance since it does not satisfy the triangle inequality.
where the infimum is taken over all minimizing unit speed geodesics γ with respect to the metric g such that γ(0) = p. We say that Proof. The proof is similar to that of [59, Proposition 3.4] . We omit it.
Laplacian Comparison
Let κ : [0, +∞[→ R be a continuous function and a κ the unique solution defined on the maximal interval ]0, δ κ [ for δ κ ∈]0, +∞] of the following Riccati equation 
is also meaningful at x = p. Indeed, the right hand side has the value n − m at x = p and the left hand side has the value n − 1 at x = p in view of the local version of classical Laplacian comparison theorem for ∆ under the local boundedness of the sectional curvature (see [23, Theorem 3.4.2]). If we additionally assume the (φ, m)-completeness or upper boundedness of φ, we obtain the following natural corollary. Based on Theorems 2.4 and 2.7, we can deduce several geometric fruitful results. Next we will give two versions of the Bishop-Gromov type volume comparison. The first one is for
Geometric consequences
The comparison in this case will be in terms of the quantities
Here
The set C(p, s 0 , s 1 ) also depends on s p and is quite different from annuli. The comparison in this case will be in terms of the quantities v(κ, s 0 , s 1 ) :=
is an integer and κ is a constant, (2.16) is the volume of annuli in the simply connected space form of constant curvature κ and dimension n − m + 1.
Then we have the following:
holds. Assume further that φ is rotationally symmetric around p. Then
holds, in particular, the function
is non-increasing.
Then
holds. In particular, the function
Remark 2.11 (2.19) (resp. (2.21)) may not be bounded as r → 0 (resp. s → 0) unless m = 1. Note that the Bishop type inequality holds only for m = 1 (see [59, Corollary 4.6] ).
Theorem 2.12 (Ambrose-Myers' Theorem) Let (M, g) be an n-dimensional complete Riemannian manifold and a function φ
Then M is compact. 
Our Theorem 2.12 is different from the above mentioned results. Tadano also proves a version of Ambrose's Theorem for Witten Laplacian L with 1-Bakry-Émery Ricci tensor Ric 1,n (L) under the boundedness of φ (see [52] ). The condition in Theorem 2.12 is milder than the one in Ambrose's Theorem proved in [52] . where CD(0, m)-condition for m < 1 and (φ, 1)-completeness of (M, g, φ) are assumed in order to prove the isometric splitting M = R × L. Note that the (φ, m)-completeness does not necessarily mean the (φ, 1)-completeness, and it is weaker than (φ, 1)-completeness provided φ is non-negative.
Probabilistic consequences
For a fixed p ∈ M, we set φ p (r) := inf Br(p) φ and φ p (r) := sup Br(p) φ for r > 0. Then
and for each s > 0
Let K(r) be a non-negative continuous non-decreasing function on [0, +∞[. We consider the following two conditions: 
Therefore K(q) holds. The proof of the independence of p ∈ M for K(p) is similar. 
holds. Suppose one of the following:
Then the heat semigroup P t = e tL is conservative, i.e.,
Equivalently, there exists some λ 0 > 0 such that for all λ ≥ λ 0 , every non-negative bounded solution of (L − λ)u = 0 must be identically zero. Moreover, under (ii), if we assume n ≤ m + 1 and the lower boundedness of φ, then the heat semigroup P t = e tL is recurrent, i.e., any bounded L-subharmonic function is constant. holds. Suppose one of the following:
Then the heat semigroup P t = e tL has the Feller property, that is, C ∞ (M) is stable under P t = e tL for all t > 0. Equivalently, for any λ > 0 and any compact subset K ⊂ M, the minimal positive solution of (L − λ)u = 0 on M \ K with the Dirichlet boundary condition u ≡ 1 on ∂K must be zero at infinity. n−m = −K(1 + r p (x) 2 ) holds for all x ∈ M under m ∈] − ∞, 1], then (2.29) holds, consequently the heat semigroup P t = e tL is conservative and has the Feller property.
Example 2.24
We consider the case (M, g) = (R n , g Euc ). In this case, Ric m,n (L) = (n − m)e − φ n−m Hess e φ n−m . Let K be a non-negative constant. We consider the following condition:
Hess e φ n−m
Here E n (resp. O) denotes the (n, n)-identity (resp. (n, n)-zero) matrix. Under (A), we have implies Therefore, s is a smooth function in the segment domain with the property that ∂s ∂r = e − 2φ n−m . We can then also take (r, θ) to be coordinates which are also valid for the entire segment theorem. We can not control the derivative of s in directions tangent to the sphere, so the new (s, θ) coordinates are not orthogonal as in the case for geodesic polar coordinates. However, this is not the issue when we computing volumes as e − 2φ n−m dµ = e − n−m+2 n−m φ J(r, θ)dr ∧ dθ = e −φ J(r, θ)ds ∧ dθ.
(3.1)
In geodesic polar coordinates d ds has the expression d ds = e 2φ n−m ∂ ∂r . Note that it is not the same as ∂ ∂s in (s, θ) coordinates. Recall that for a Riemannian manifold d dr log J(r, θ) = ∆r p , where ∆r p is the standard Laplacian acting on the distance function r p from the point p. We thus recover the Witten Laplacian Lu := ∆u − ∇φ · ∇u. Letting λ = e 2φ n−m Lr p , we find that λ satisfies the Riccati differential inequality in terms of the parameter s. Proof. We modify the proof of the Bakry-Qian Laplacian comparison theorem given in Section 10 of [32] . Choosing the normal polar coordinate system (r, θ) at p ∈ M, where r > 0 and θ ∈ S n−1 . Let J φ = e −φ √ detg. Denote ′ = ∂ ∂r and ′′ = ∂ 2 ∂r 2 . In p. 1355 (see line 5 from the bottom) in [32] , the following identity has been proved
5)
where h ij denotes the second fundamental form of ∂B r (p) at x = (r, θ) with respect to the unit normal vector ∂ ∂r , and H = i h ii .
Let u = J ′ φ J φ . By (9.53) in p. 1353 in [32] , we have
Combining (3.5) and (3.6), we have
Therefore we have the following inequality Here we use (3.10) at the inequality above and use Lr p = ∆r p − ∇φ, ∇r p in the next equality.
Remark 3.2 Indeed, a variant of the inequality (3.8) has been obtained in [32] . In the first line of p.1356 in [32] , it was proved that for any m > n, it holds with the caveat that it is in terms of the parameter s instead of r. This gives us the following comparison estimate. 
If we show β(0) = 0, then β(s) ≤ β(0) = 0. For this, it suffices to prove that s(λ − m κ (s)) converges as s → 0. We already know that lim s→0 s m κ (s) = n − m and the ratio s/r = s(r)/r converges to e − 2φ(p) n−m as r → 0. So it suffices to prove lim r→0 s(r)λ(r, θ) = n−1 as r → 0, equivalently lim r→0 r∆r p (r, θ) = n − 1, because lim r→0 r ∇φ, ∇r p (r, θ) = 0. In view of the usual Laplacian comparison theorem for the Laplace-Bertrami operator ∆ under the upper (resp. lower) bound K ε (resp. κ ε ) of sectional curvature on B ε (p), we see (n − 1) cot Kε (r) ≤ ∆r p (r, θ) ≤ (n − 1) cot κε (r) for r < ε. This implies the desired assertion. 
Proof. Suppose that (M, g, φ) is (φ, m)-complete at p. We may assume δ κ < ∞. Take for all s 0 < s 1 . Note that since ds is an orientation preserving change of variables along the geodesic γ, the quantity is also non-increasing in terms of the parameter r ∈]0, +∞[. In particular, lim t→+∞ λ(t) = −∞. Next we prove that there exists a finite number T > 0 such that lim t→T − λ(t) = −∞, which contradicts the smoothness of λ(r). By (6.1), given c > n − m there exists t 0 > 1 such that
Since Proof. Fix p ∈ M and a ray γ in M. Take any sequence {t k } satisfying lim k→∞ t k = +∞. Let η t k be a minimal g-geodesic joining p and γ t k . As stated in [15] , there exists a subsequence of t k such that the initial vectorη t k (0) converges to some unit vector u ∈ T p M. Let η be the ray emanating from p and generated by u. Then p does not belong to the cut-locus of η(r) for any r > 0. .
Let η be the unit g-geodesics with η(0) = p andη(0) = v. By uniform convergence of geodesics, s(p, η(t)) ≤ N for all t > 0. Therefore,
n−m dt ≤ N, which contradicts the (φ, m)-completeness of (M, g, φ). Combining (7.1) with lim i→+∞ s(p, η(t i )) = +∞, we can construct the desired support function.
Proof of Theorem 2.15. Let γ :] − ∞, +∞[→ M be a line (i.e., d(γ t , γ s ) = |s − t| for s, t ∈ R) and γ + , γ − rays defined by γ + t := γ t , γ − t := γ −t (t ≥ 0). Let b + , b − be the Busemann function associated to γ + , γ − , respectively. Then, under the (φ, m)completeness of (M, g, φ), b + and b − are continuous L-subharmonic functions on M in the barrier sense by Lemma 7.1. Since γ is a line, for each x ∈ M, we have
In view of the strong maximum principle for L-subharmonic functions in the barrier sense (see [11, 15] 
Therefore, b ± is smooth on any ball B, hence on M. Applying [58, Lemma 3.1] to the L-harmonicity of b γ ± in the barrier sense and |∇b γ ± | = 1, we can deduce that Ric 1,n (L)(∇b γ ± , ∇b γ ± ) = 0 and n − 1 non-zero eigenvalues of Hess b γ ± | p are all equal, because Hess b γ ± | p has n − 1 non-zero eigenvalues. Applying [58, Lemma 3.5] and that CD(0, m)-condition implies CD(0, 1)-condition for m < 1, the metric g is a warped product of the form g = dr 2 + e 2φ(r) n−1 g L and φ =φ(r) + φ L where φ L : L → R. In the same way of the proof of [58, Corollary 1.3] , we can deduce that dφ dr = 0, because Ric 1,n (L) ∂ ∂r , ∂ ∂r = 0 and
This means that g = dr 2 + e 2φ(0) n−1 g L and φ =φ(0) + φ L is a function on L only.
Proof of Theorems 2.20
The proof of Theorem 2.20 is based on the generalized Grigoryan's criterion for the conservativeness of Dirichlet form, which says that if for some x ∈ M, In particular, under Ric m,n (L) x (∇r p , ∇r p ) ≥ 0 for x / ∈ Cut(p) ∪ {p}, we have that for
. 
where we use that x → sinh x/x is non-decreasing. Thus
Using the inequality sinh x
x ≤ e x for x ≥ 0, we obtain the conclusion.
Proof of Theorem 2.20. We first prove the assertion for the case K ≡ 0 under (2.28). From (8.2), we have that for r > r 0 > 1
There exists r 1 > r 0 such that for all r > r 1 log µ(B r 0 (p)) + 2φ p (r 0 ) ≤ (n − m + 1) log r.
Thus, for all r > r 1 log µ(B r (p)) ≤ 2(n − m + 1) log r − 2φ p (r).
Since lim r→∞ log r r = 0 and lim r→∞ exp − 2φ p (r) n−m = C ∈]0, +∞], there exists r 2 ∈]r 1 , +∞[ such that for any r > r 2
From this
which implies the conservativeness of X by [20] . When n ≤ m + 1 and φ is lower bounded, we see
This implies the recurrence of X (see [47, Theorem 3] ). Next we prove the assertion for the case K ≡ 0. Then there exists t 0 > 0 such that K(t) > 0 for all t ≥ t 0 . Note that
n−m is lower bounded by e − 2φ(p) n−m . In this case, there exists r 0 > 0 such that t 0 < e − 2φ p (r 0 ) n−m r 0 , µ(B r 0 (p)) > 1 and
n−m r ≥ log µ(B r 0 (p)) + 2φ p (r 0 ) + (n − m + 1) log r for all r > r 0 .
If we set Proof of Theorem 2.21. We follow the argument as used in the proof of Theorem 1.5 in [32] , which extends the method originally by Azencott [4] and developed in Hsu [23, Theorem 4.3.2] (see also Hsu [22] and Qian [45] ). By Theorem 2.20, the L-diffusion is conservative under the condition of Theorem 2.21. Let X = (Ω, X t , P x ) be the L-diffusion starting from x ∈ M. By Azencott [4] , we need to prove that for any geodesic ball
where σ K := inf{t > 0 | X t ∈ K} is the first hitting time to K = B R (p). We may assume R < r p (x). Let σ 0 := 0, and for all k ∈ N,
That is, σ k is the first hitting time to the geodesic ball B rp(x)−k (p), τ k − σ k is the amount of time during which the L-diffusion process moves from X σ k ∈ ∂B rp(x)−k (p) to X τ k ∈ ∂B 1 (X σ k ), and σ k+1 − τ k is the amount of the time during which the L-diffusion leaves from ∂B 1 (X σ k ) and hits ∂B rp(x)−k+1 (p). Let
where [r p (x) − R] denotes the largest integer which does not exceed r p (x) − R. Since K = (n − m)κ is non-decreasing, we may assume that there exists t 0 > 0 satisfying κ(t) > 0 for all t ≥ t 0 provided K ≡ 0. The key point is to prove that there exist two constants C 1 , C 2 > 0 such that for all k ≥ 0, To this end, we use Kendall's Itô-Skorakhod formula. In fact, see Kendall [27] , under the probability measure P x , there exists a standard Browinian motion β t such that r x (X t ) = d(X t , x) can be decomposed into
where L t is a non-decreasing process which is increasing only on {t ∈ [0, +∞[ | X t ∈ Cut(x)}. For a proof, see [32, Remark 4.1] . Moreover, using the Kendall's decomposition and the Girsanov transform, we have
Note that
Since d(X · , X σ k ) t = √ 2β t = 2t and L t − L σ k is a non-decreasing positive process on [σ k , τ k ], we have
. By (2.24), we see that for such y In the second inequality above, we use Sturm-Liouville comparison theorem for Riccati equation (see the argument of the proof of Lemma 8.1). Using a coth a ≤ 1 + a for a ≥ 0, we obtain that for y ∈ B rp(x)−k+1 (p) \ Cut(X σ k ), n−m ≥ C p = C p (x, X s ).
Note that C p ≤ C p , hence D p ≤ D p . Now we apply (9.4) to y = X s under s ∈ [σ k , τ k ]. Thus, we have for s ∈ [σ k , τ k ], d(X s , X σ k )Ld(X s , X σ k ) ≤ (n − m)D p D p 1 + D p d(X s , X σ k ) κ D p (r p (x) − k + 1) .
Taking t = τ k in (9.3) and since d(X s , X σ k ) ≤ d(X τ k , X σ k ) = 1 for all s ∈ [σ k , τ k ], we obtain
When K ≡ 0, without loss of the generality we may assume κ D p (r p (x) − k + 1) ≥ 1 by changing κ(t) into κ(t)/κ(t 0 ) and taking sufficiently large r p (x), hence
When K ≡ 0, we see
In both cases, we can have the following estimate: Therefore we have proved (9.2). Then we can follow the same argument use in Hsu [23] , [22] to obtain
exp (−C 2 l(r p (x) − k + 1)) , (9.5) where N(x, t) is the smallest integer such that N (x,t) k=0 1 l(r p (x) − k + 1) > t C 1 .
Indeed, if K ≡ 0, by (2.25) This implies that [r p (x) −R −1] ≥ N(x, t) for all sufficiently large r p (x), and the following sequence of inclusions holds:
.
Then we can get (9.5) by (9.2). Combining (9.6) with e −C 2 l(r) ≤ l(r p (x) − N(x, t))e −C 2 l(rp(x)−N (x,t)) 1 l(r) , for r ≥ r p (x) − N(x, t), we obtain
rp(x)−N (x,t) e −C 2 l(r) dr ≤ l(r p (x) − N(x, t))e −C 2 l(rp(x)−N (x,t)) t C 1 + 3 l(r p (x) − N(x, t))
